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ABSTRACT: Effective pair potentials(r) between hard-sphere colloids and the centers of mass of self-avoiding
polymer coils are determined in the low-density limit by Monte Carlo sampling of polymer conformations, over
a wide range of size ratios = R/Ry, whereR: andRy are the colloid and polymer radii. In the protein liniit

< 1, »(r) is small compared to the thermal enelgyl, allowing the use of thermodynamic perturbation theory
within the effective two-component representation to determine the free energy of eql@idner mixtures

and the resulting segregation line. In the opposite lichit-( 1), the effective interaction(r) develops a hard

core, preventing the application of standard thermodynamic perturbation theory. A variant on the latter, focusing
on the Mayerf-function, rather than on the effective colleigolymer potential, allows the extension of the
perturbative calculations to all size ratids The predicted phase diagrams are in semiquantitative agreement
with available simulation data, both in the protein<€ 1) and in the colloid { > 1) regimes.

I. Introduction The casel < 1 is less well understood. Conformational
Ofchanges now play an important rol_e since th(_a larger polymer
£ can wrap around the smaller colloids. Experimental data for
mixtures of polymers and proteif§, micelles® and silica

The mesoscopic structure, phase behavior, and rheology
colloidal suspensions are strongly altered by the addition o

nonadsorbing polymers. The key mechanism underlying these . . . .
9 poly y ying nanoparticleall give clear evidence of phase separation over

changes in static and dynamic properties is polymer depletion ; h
linked to the observation that individual polymer segments asystem-depe_ndgnt_ range of p°'y”_‘er and colloid concentrations.
The termprotein limit has been coined for the reginiex 1,

cannot penetrate the compact colloidal particles. This leads to . - . . .
a reduction of the allowable polymer conformations in the since it can be achieved by mixtures of small globular proteins

vicinity of the colloid; the concomitant loss in entropy can and hig_h molecul_ar-weight polymers. Th_e biological ‘”teT?St in
trigger segregation into colloid-rich (arolloid liquid) and such mixtures arises from the observation that the addition of

colloid-poor (orcolloid gag phases water-soluble polymers to protein solutions favors protein
In the following, as in much (.)f the existing literature crystallization, a notoriously difficult but crucial step toward

restriction will be made to hard spherical colloidal particles of the X-ray determination _Of th.e|r strgctqre.

radiusR;. The mean polymer size is best characterized by the A number of theoretical investigations of the structure,

radius of gyratiorR; of the individual polymer coils. Apart from ~ thermodynamics, and phase behavior of coligudlymer

the practical aspects of the material properties of coloid SYyStems witht < 1 have been reported, leading to sometimes

polymer mixtures, the statistical mechanics of binary systems conflicting predictions. They may be broadly classified as

involving both rigid and deformable particles constitutes an Pelonging to one of three levels of description:

interesting and challenging problem. (a) Full, monomer-level approaches allow for a detailed
A crucial parameter characterizing such mixtures is the size description of polymer conformations in the presence of one or

ratio . = RJ/Ry. In many practical situations the colloidal several hard-sphere colloidal particles. These include, among

particles are substantially larger than polymer coils sohat others, the field-theoretic investigations of Eisenriegler and

1. In fact, the casé > 1 is frequently referred to asolloid collaborators, the fluid integral-equation calculations of
limit. It has been thoroughly investigated following the pioneer- Schweizer and co-workersased on the polymer reference
ing work of Asakura and Oosawaand Vri2 and is well interaction-site model (PRISM), as well as Monte Carlo (MC)

understood.Polymer conformation fluctuations play a relatively ~Simulations involving lattice models of idé@kand interacting'
minor role and the smaller po|ymer coils induce dep]etion_ polymers. Provided the intrinsic limitations of such simulations
driven, mostly pairwise-additive attractive interactions between (€.9., the limited range of polymer lengths) are kept in mind,
the larger colloids. This attraction induces a colldiiglid— they provide stringent benchmarks against which approximate
gastransition for sufficiently high polymer concentration. There theories for equivalent models must be gauged.

are quantitative and even qualitative differences between the (b) Within a reductionist strategy, whereby individual mono-
phase diagrams resulting from ideal or interacting polymer mer degrees of freedom are averaged out, the initial cefloid

chains? but the basic depletion picture remains the same. polymer mixture may be mapped onto a much simpler effective
two-component system involving only effective interactions
* Corresponding author. E-mail: Andrea.Pelissetto@romadl.infn.it. between the centers of mass (CMs) of the colloidal hard spheres
T E-mail: jph32@cam.ac.uk. and of the polymer coils regarded swft colloid42 in the spirit
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of the Asakura-Oosawa model This approach has proved to
be very successful for pure solutions of interacting polydiéfs
and for colloid-polymer mixtures in the large-colloid regime
(A > 1),5but has so far been less exploited in the small-colloid
regime ¢ < 1). The AsakuraOosawa model has been extended
to the latter regim¥® and so has the successful free-volume
theory of Lekkerkerker et al817 while Sear has proposed an
interesting generalization of the Asakuif@osawa model to the
protein limit, where the depletant is identified with polymer
blobs® of a size similar to that of the colloids, rather than the
larger full polymer coilt®
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of gyration Ry, ¢p = 47p,R/3. The overlap densitypf*) is
defined as the polymer density at which the volume per polymer
1/pp equals the volume of one coil, i.epy = @p* = 1. The
corresponding monomer concentraticin= 3L/(47R,) scales
like L1, wherev is the radius-of-gyration exponen®{ ~
L"); v ~ 0.588 in the good-solvent regimewhile v = Y/, for
ideal chains. Note that, at fixeg},, the monomer concentration
vanishes in the scalind.(— o) limit so that polymer coils in
solution can easily interpenetrate.

It is customary to distinguish the dilute regime, (< pp*)
from the semidilute regimepf > py*). In the former the only

(c) One may attempt one further step in the coarse-graining relevant polymer length scale (for a given segment lebyih
strategy by reducing the initial two-component problem to an the radius of gyratioRy, whereas in the latter regime a second

effective one-component system of colloidal particles interacting
via polymer depletion-induced effective interactions. This
approach has proved rather fruitful in the large-colloid regime
(4 > 1)2°21 put has been shown to be useless in the protein
limit (1 < 1) due to the growing importance of many-body
interactions compared to the effective pair interactitid.16.22

As anticipated by de Gennésthe effective pair interactions
are too weak to induce the observed partitioning of small

length scale, characterizing the network of interpenetrating
polymers, comes into play, namely the correlation lerdgth:

_/ —
g,\/ Rg(Pp vI(3v—1)

In an athermal { = 0) colloid—polymer mixture the key
physical parameters are the ratie= R/Ry, the volume fractions
@c and ¢p, and the polymer length (note that the ratids =

(2.1)

colloids in the presence of large polymers and cumbersome R/€ is determined byl and eq 2.1). If monomermonomer

many-body interactions would have to be included to lead to

attractions are present & 0), there is an additional inverse

phase separation, thus rendering the effective one-component€mperature variablg* = e = ¢/ksT. In a6 solvent a single

representation untractable.
In the present paper, we return to the effective two-componen

representation, in an attempt to extend it to arbitrary values of

the size ratiol, including the less-studied protein limit. To that

purpose we first compute the effective pair potential between a

hard-sphere colloid and the CM of a single interacting polymer
over a wide range of size ratios (0.824 < 10) and of polymer
lengthsL (section 2). Following our earlier work on effective
polymer—polymer pair potentiaf$ we investigate the scaling
limit (L — ) and finite-length corrections to the colleid
polymer potentials. Fot < 1, the effective polymetcolloid
coupling is sufficiently weak to justify the use of standard
thermodynamic perturbation theory for the calculation of the
free energy of colloig-polymer mixtures, as well as the re-
sulting phase diagram. This perturbation theory is no longer
applicable wheri = 0.5, because the effective colleigpolymer

pair potential becomes much larger than the thermal energy

ksT at short center-to-center distances. A variant of thermody-
namic perturbation theory is formulated to handle strongly
repulsive pair potentials, and is applied to the calculation of
colloid—polymer phase diagrams over the whole range of
size ratiosl (section 3). A discussion of possible extensions of

the present approach and concluding remarks are given in

section 4.

Il. Effective Colloid —Polymer Potentials

The basic model considered throughout this paper is a mixture

of hard spheres of radil& and polymers of length lizing on

a cubic lattice. The segment lendittoincides with the lattice
spacing and will serve as unit of length. The centers ofNhe
spheres occupy one of tf§ lattice sites. The colloid nhumber
density ispc = NJ/Q and the corresponding volume fraction is
@c = 4mpcR3/3. The polymers are self- and mutually avoiding
walks (SAWSs), i.e., any lattice site can be occupied by at most
one monomer; there is an attractive energy,(e > 0) between

nonbonded, adjacent monomers. The monomers are exclude

from the nonoverlapping hard-sphere volumes. WAghpoly-
mers on the lattice, their number densitypjs= Ny/<2, while
the segment concentration és= Lpp. The polymer volume
fraction is conveniently defined in terms of the polymer radius

chain contracts to an ideal chain= 1/,); in the present model

i the inverse-temperature paramef¥r takes the valueS), =

0.2687 in the scaling limis

In this section we consider the infinite-dilution limip§, ¢p
— 0); in the spirit of the effective two-component representation,
we first determine the effective pair potential between the CMs
of an isolated pair of one colloid and one polymer as a function
of the distancer between their CMs. IH(1, 2) is the total
interaction energy between a colloid with CM &t and a
polymer coil with CM atr 4, then the effective pair potential is
defined as

Boy(r; L, RsB) = — In@‘ﬁH(l,z)m

wherer = |r; — rp| and the average is taken over all polymer
conformations such that the distance between the colloid and
the polymer CMs isr. In the lattice model, the sum over
conformations reduces to a sum over all walks of lerigtin

the scaling limit L — o at fixed 1), like any invariant universal
ratio of statistical polymer propertie8y,(r;L, R;;3) goes over

to a universal functiom.(x;4) of A and of a reduced CMCM
distancex = r/Rs. For R;, we have chosen the lengiR =
V(RZ+ R$). For large, but finite polymer length, corrections

to the scaling limit lead to the following expressi#t#’28

Bur; L, RiB) = v,(x:A) + a,(B)v (AL +
b, (B A)L A + «++ (2.3)

(2.2)

with the normalization conditiorv(0;1) = 1; a,(p) is a
nonuniversal temperature-dependent amplitude. The most ac-
curate estimate of the exponehtso far yield3> A = 0.515+
0.017. The last term witi\est &~ 1 is an effective correction
term that corresponds to the sum of three (or more) terms with
exponent close to %

The second virial coefficient for a colloigpolymer pair is

é}lefined as

BAL, Rf) =3 [ri1— 02y, (2.4)

where the average is over all walks of lendtfstarting at theCDV
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vs(X;4). The main observations are that (i) the effective
potentials are always repulsive, monotonically decreasing with
w _ _ X, and of short range; (ii) the maximum valug(x = 0) is weak
AL, RiB) = AS(A) + a(B)f(AL ™ + by(B.A)L Aeﬁ""é'é for the smallest values of, but increases rapidly witli.
(2.6) Observation i is an immediate consequence of the fact that the
scaling limit can be obtained by considering data vdth= 0
and in this case the Boltzmann factor in eq 2.2 can only take
the values 0 and 1. Observation ii reflects the fact that in the

may be expressed in a form similar to eq 3 in the scaling limit:

with the normalizatiorf,(1) = 1. A careful finite-size-scaling
analysis, similar to that carried out in ref 24 for the case of two

identical polymers, allows in principle=(x4), z(G4), A>(4), protein limit A < 1 the polymer can wrap around the hard

f2(2), as well as the universal amplitude raéig)/ax(8) to be sphere, which becomes increasingly unlikely as the size ratio

extracted from accurate MC simulations carried out for several .
lengthsL Increases.

We have carried out such simulations over a wide range of . Forl < 0.5—the regime n which sc_almg corrections are
size ratios, 0.02< 4 < 10, covering both the protein and the S|zable—v_ve can determine th_e co_rrectlon-to-scah_ng function
colloid regimes. We used the pivot algoritPfir#? (together with ux.4) using the T"e”“’d d_escrlbed in ref 24. There it was shown
bilocal move$? and the multiple Markov chain meth#e>close that the correction function(x) for the polymer-polymer

- . : : effective pair potential was approximately proportional to
tloo(t)hgr% 2zgé)oand simulated walks with varying between Ux(X), 1.€., the ratia(X)/v.(X) was independent ofwithin error

' . . . . bars. Within the precision of our MC data, the same constancy
We have first considered the pair potenfiab(x;L, R.;3) and . .
determined the scaling functions,(x;4) and v¢(x;A). For this is roughly observed for(x) when1<0.5, as can be seen in

purpose the effective pair potential is required for several values Figure 3, where we report the ratio

of L at thesamevalue ofA. This condition cannot be fulfilled v(x2) v, (O:A)
directly: sinceR; can only be an integer multiple of the lattice w,(x;A) = a2 (2.7)
spacingb, only a discrete set of can be generated for any ¢ v(0:4)  vi(X4)

givenL. To obtain results at a fixed value #f we have first
determined the effective pair potential at two nearby values for A = 0.2.
and4,, and then we have performed a linear interpolation. This ~ From the results reported in Figure 2 one can seethiat

correction is quantitatively small wheR/b is large, since in = 0;A) increases rapidly ag increases and no estimate is
this case one can choo&g in such a way to obtain a good obtained ford > 1, since in this case polymer conformations
approximation of the desired but is crucial wheriRy/b is small, that wrap around the sphere become increasingly unlikely. The

e.g., 3-5. In Figure 1 we show the results fbr= 0.2, 0.4, 0.8, valuevo(x = O;L, R;;) is identical to the work required to insert
and 1, for different values df and$* = 0. TheL dependence  a sphere into a single polymer coil. This was estimated by de
is significant for < 0.5, but the scaling limit is rapidly reached ~ Genne#® to scale liked3~" =~ 3130 To check this relation, we
for 1 > 0.5. This is partly a consequence of discretization: plot f (1, L)=Bv2(0;,L, R;3)/A}3% in Figure 4. If de Gennes’
scaling corrections are small only R/b > 1, i.e., forL > scaling is correctf (4, L) should approach a finite constant as
A~ Therefore, very long polymer chains are required in the L — o followed by 4 — 0. The results support this conclusion
limit of small 1. In practice, discretization corrections appear and givef (0;c) ~ 5.5.

to be small forR/bz5; this required us to simulate walks of By using the blob picture one can relatg(x;1) for A — 0
lengthL = 64 000 Ry/b ~ 300) to obtain reliable results down  with the scaling function associated with the monomem

to 4 ~ 0.02. The sphere-to-segment ratio has a nonnegligible distribution for a single polymer in the absence of the colloid.
influence on the monomer depletion layer thickness around aIndeed, ifA is small, the colloid interacts only with a polymer
sphere® In Figure 2, we show the predicted universal function blob of lengthL; ~ R, Thus, we can write CDV
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Figure 4. Functionf (1, L;8)=Bv,(0;,L, R;B)/A** for f* = 0 and
several values of andL.

Buyr) ~ — In{e ™oy () + [1 — Sp, (N1} (2.8)

wherepy(r) is the probability that there is a blob at a distance
r from the CM, Vb is the interaction energy between the blob
and the colloid, and ~ R is the typical interaction distance
between the polymer blob and the colloid. The probability
pui(r) satisfies the normalization condition

f & Poi() = Nyjops

where Npiops iS the number of blobs. For dimensional reasons
we must have in the scaling limit

(2.9)

Nblobs
Pui(r) = ¥psca|,b(r/Rg) (2.10)
with
deX pscal,b(x) =1 (2-11)

From eq 2.8 it follows that

3
s°N
Bror) ~ —In1— (1 - eﬁvb'w)%mpmb(r/&)

3
blobs

s'N
~ ?pscal,b(r/ Ry (2.12)

where we use&®Nyjopd R2~A3"1" — 0 for A — 0. The prefactor
follows from

1 a1 o)
Bz—zfdr(l g P (2.13)
This gives the relation
2B,
ﬂvz(r) = @pscal,b(r/Rg) (2-14)

valid for A — 0 in the scaling limit. The functiopsca p(X) can

Macromolecules, Vol. 39, No. 26, 2006
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L = 64 000,5* = 0, and several values df. The continuous line
corresponds to the functigmca,cMX) defined in the text.
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Figure 6. Second virial coefficient: plot ofx(L, R;3) vs A for several
values ofL andS* = 0. On the left we report all data fdr < 10, on
the right we only show the data fdr< 2.

is universal, the same function characterizes the distribution of
single monomers or of small blobs (in other worgg.a cMX)
is invariant under a renormalization-group coarsening procedure
in which “small” blobs are replaced by a single monomer). With
this identification, sincd®y ~ Rsin the limit A — 0, we obtain
0(%i2) = 285 (A Dy crX) (2.16)

To verify this relation, we have computed numerically the
function pscai,cMX), and we have compared it with the ratio
Bua(r)A372/(2A,); see Figure 5. The relation is verified quite
accurately. Note that the derivation of relation 2.16 is quite
general and relies only on the fractal nature of the polymer.
Hence, it applies not only to SAWS, i.e., to polymers in the
good-solvent regime, but also to ideal chains.

The second virial coefficient in the dimensionless form 2.5
is plotted in Figure 6 as a function affor several values df.
As in the case ofsv,, the L dependence ofy; is seen to be
substantial below < 1, and to become much weaker for larger
size ratios A, goes through a minimum fot = 0.4 and rises
steadily thereafter. The behavior for small and large values of
A can be understood by simple arguments. The behavior for
small A can be obtained by using once more the blob picture,
in which the colloid interacts only with a polymer blob of length
L1 ~ R, Thus,B; ~ (L/L1)B; bios~A By pio» FOr dimensional
reasons we expe@; piop ~ RS, which impliesAS~A1%2"1 =
270202 This result is consistent with the smallbehavior of
the pair potential p.,(X;A)~A3"% 15 .(X). The prefactor can be
obtained from the results of ref 37 that give the free energy for
the insertion of a single colloid: #y is the constant defined in

be related to the analogous universal function that characterizegef 37 [see eq 1.4]A; = Ag¥217/2. Using the field-

the scaling behavior of the monomer-CM distribution function.

theoretical predictiony ~ 18.4, we thus expedl; ~ 9.2 x

Let 47r2pem(r) dr be the number of monomers whose distance 43271, To check this prediction, we pl@}4%2°?in Figure 7.

from the CM is betweem andr + dr. In the scaling limit

Pen(r) =Rg%3pscal,cw/Rg> (2.15)

We wish now to argue thgiscaip(X) = Psca,.cMX). Indeed, for
A — 0 the blob sizeR; is infinitely small compared t&;, which
is the relevant length scale in the scaling limit. SipegcMX)

If we do not consider the data with< 0.03 which are probably
affected by corrections to scaling, it is clear thag)0-202
converges to a constant as— 0, confirming the predicted
asymptotic behavior. As for the prefactor, our data indicate that
Ax10202converges to some number between 8 and 8.5-as

0, which is reasonably close to the field-theoretical prediction.
For 1 — o, we expecB; to be proportional toR; + Rgy)® and

thus AS ~ 1731 + 2)3. The results shown in Figure &DV
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20202ys ;1 for several values of, on the rightAx(L, R;;8)A¥2/(1 + A)3 for several values of; on the rightA, vs A for g* = 0.2687~ f;, for
vs 4 for L = 4000. In all caseg* = 0. several values df. For comparison we also repahs for the random-
walk (RW) case.
A=02 A=04
14 _ 35 .
12h - 30k ©-temperature results. As expected the difference decreases as
1.0 3 257 L increases.
532 gfg In the following section, we are going to exploit the results
0.4 10 obtained forﬁvg.andAz to investigate possible colloigholymer
02 05 phase separation.
%%35 0.5 1.0 15 20 %%o 0.5 1.0 1.5 2.0 . .
x x [ll. Colloid —Polymer Segregation
A=1.0 . . .
12 o The results of the previous section show that the effective
81 10 E:g};° polymer—colloid pair potentiak(r) goes to zero a8 — 0 and
6 8 [ its maximum values,(r = 0) does not exceekkT for 4 < 0.2.
&4 g6 It appears hence natural to apply theormodynamic perturbation
) e : thgor)?S to compute .th(.a free energy of collp+qbolymer
mixtures in the protein limit, taking the two-fluid system of

% o5 10 15 20 %o 05 10 15 20 independent (decoupled) colloid and polymer components as a
reference system. Such a perturbation theory is somewhat
Figure 8. Effective pair potential v& = r/Rsfor L = 2000 and several unusual, since, while polymers interact with polymers and
values ofi*, up to f5; ~ 0.2687. colloids with colloids, particles of different species do not
interact in the reference system. For 0.2, on the other hand,

A=04
50— 2 PBuo(r) increases rapidly beyond 1, and standard thermodynamic
j e L2000 10 perturbation theory, which is essentially a cumulant expansion
%20 RWeio - | 8 in powers of Bux(r), is no longer expected to converge.
S > 6
=15 = Moreover, ford = 1, fuvo(r) develops a hard core, due to the
;g ) fact that polymers are no longer able to wrap around the large
00 0 hard-sphere colloids. We present here and in the Appendix a
0.0 0.5 1.0 1.5 20 0.0 0.5 1.0 1.5 20

X x ' variant of thermodynamic perturbation theory, which amounts
to an expansion in powers of the Mayédunction for a colloid-

. . . . . _ ~ B _ \
Figure 9.  Effective pair potential fo* = 0.2687~ f5, and several polymer pair. It allows one to circumvent the breakdown of

values ofL. For comparison we also report the effective pair potential

for the idea-polymer or random-walk (RW) case. traditional perturbation theory and to calculate free energies and
the resulting phase diagram for any valuelof
confirm this prediction and provide the prefactor. For oo, Let f = BF/N be the reduced free energy per particle of the
we obtainA? ~ 2.112372. mixture, whereN = N; + Nz, Ny and N are the total num-
We have also investigated the influence of monomer Pers of polymers and colloids, amg = Ni/N, xo = No/N = 1
monomer attraction e&0) on the effective pair potential ~— X the corresponding number fractions. Thémmay be

Pua(x;L, R;p). Results for 0< 5* < f3; are shown in Figure 8 expanded as

for L = 2000. As might have been expected, the effective _d0) 4 ) L @)

CM-CM interaction becomes more repulsive fsincreases f=f7+ 17+ 74 - 3.1
toward thed regime. The observed increasemf(x = 0) is
particularly strong for the smallest size ratios. It is due to
the contraction of the polymer coil g8 progressively in-
creases which prevents the polymer to wrap around the sphere
The effect is less pronounced for larger size ratios and, for
A = 1, the effective potential is nearly independentfofror

B ~ By and any fixedi, v, should converge to the effective
pair potential between an ideal chain (random walk) and a
colloid. The results reported in Figure 9 show that this indeed

wheref© = 0, + fO is the free energy of the reference
system, i.e., the sum of the free energies of the polymer fluid
and of the hard-sphere colloid fluid, whifé) andf® are the
first- and second-order corrections. Explicit expressions are
given in the Appendix. The three terms on the rhs of eq 3.1
can be expressed in terms of the equations of state and of the
pair correlation functions of the pure polymer and hard-sphere
fluids. The colloid contribution t&? is taken from the accurate
Carnahan-Starling equation of state of a hard sphere fléid

happens.

The temperature-dependent second virial coefficient in its ¢ (4—3p,)
reduced form 2.5 is illustrated in Figure 10 as a function of fg)))”(pc) =X, |npc+°— (3.2)
B* for L = 2000 and several values @f As expected from a- (pc)2

the results foBv,, A increases withs* for any giveni. We
also show data gf = 3y together with results for an ideal  where the irrelevant de Broglie thermal wavelength was chosen
polymer chain: they are seen to lie slightly above the SAW equal to the unit of length. CDV
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The polymer contributioriyo® to the reference free energy
can be derived from the polymer equation of state. For this
purpose we have computed the presRyeising the density-
dependent effective pair potentials betwder 2000 SAW
polymer coils reported in ref 39 which provide a good fit of
the MC data up tap, = 2. These effective polymetpolymer

pair potentials are roughly Gaussian in shape, with an amplitude 9,

of order XgT and a width of ordeRy, and vary slowly with
density. They serve as input in the compressibility equation
within the hypernetted chain (HNC) integral equati@myhich

is quasi-exact for such soft potentiafs'® The results have been
fitted to the expression

BPy
Z,=—"

=1+gh(gy); g, =al+ bg, +cp )
(3.3)

where we have chosen= (1 — 3v/2)/(3v — 1) = 0.156. This

p

ensures that the equation of state satisfies the correct asymptotic

scalingZ, ~ ¢p®~1 in the semidilute regimé& We obtain
the coefficients:a = 1.42143,b = 1.12099,c = 3.51836.
Expression 3.3 agrees with recent, monomer-level MC simula-
tion datd! and with the equation of state that has been obtained
by resumming the fourth-order virial expanstén(relative
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Figure 11. Binodal (left) and spinodal (right) curves fér= 0.1, 0.2,
0.4, and 0.6. They are obtained by using thermodynamic perturbation
theory based on the Mayé&ifunction. The black circles correspond to
the critical points.
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Figure 12. Comparison of the results obtained by using density-
dependent (DD) and zero-density (ZD) polym@olymer potentials.
We report the binodals (bi) and the spinodals (sp)Afor 0.2. The

differences are less than 1.5%). The free energy per polymerpjack circles correspond to the critical points.

follows from eq 3.3 by thermodynamic integration:

P
fool (0p) =Xi[Inp, + f""h(s) ds] (3.4)
The first-order correctiorf®, derived in the Appendix, is
proportional to the second virial coefficieBt for a colloid—
polymer pair (cf. eq 2.4):

= 2B,ox,x, = %Azm ¢p1/2§0cl/2 (3.5)
wherep = pc + pp = N/V is the overall number density of the
mixture, while A, is the universal ratio (2.5), as calculated in
section 2.

The explicit expression of the second-order téirgiven in
the Appendix requires the knowledge of the effective coltoid
polymer pair potential and of the colloigtolloid and polymer
polymer pair correlation functions in the decoupled reference
system. For the former we used the analytic solution of the
Percus-Yevick (PY) equation for hard spher&syhile the latter
were computed numerically from the polymeyolymer pair

particle v=1/p) and the polymer number fraction as inde-
pendent variables, the spinodal line of a possible cottoid
polymer phase separation is determined by the condition

G A i
dvdx,)

a? 9%,

The binodal lines are instead determined by imposing equal
chemical potentials and equal pressure in the coexisting
phases.

Examples of spinodal curves calculated for size ratios
0.1, 0.2, 0.4, and 0.6 are shown in Figure 11 in the @)
plane. As expected the spinodal curve is shifted to higher and
higher volume fractions of the two components as the size ratio
decreases, since no phase separation will occur in the limit
— 0. For1 = 0.2 we have repeated the calculation, using the
polymer equation of state derived from the zero-density limit
of the effective polymerpolymer pair potential evaluated in
the scaling limit* This may be regarded as more consistent
since the effective colloidpolymer pair potential has been

Ko, x1) = 3.7)

potentials, using the (HNC) integral equation. In the latter case calculated under the same—¢ 0, L—o) conditions. The
we have used the density-dependent potentials reported in refresulting spinodal and binodal curves turn out to be quite close

39. Note that those expressions are only valid ugc= 2:

to those computed by using the density-dependent potentials,

for larger values they predict pair potentials that are somewhatsee Figure 12. The general trends predicted for the phase
larger than those observed in numerical data. To estimate thebehavior of colloid-polymer mixtures withl < 1 are not unlike

error we are making fop, = 2, we have systematically repeated
the calculation, computinf® by using the zero-density potential
reported in ref 24. No significant difference is observed in the
phase diagrams which will be reported below, indicating that
the density dependence of the effective polymaolymer
interaction is irrelevant in the calculation of the second-order
term f@,

Note that, in the limitA — 0, the Mayer functiorf (r) =
exp(— Buo(r)) — 1 reduces to- Buy(r), so thatf® goes over to
the simple random-phase approximation (RPA):

9= pxx, [dr Bu(r) (3.6)

Using the overall density (or, equivalently, the volume per

those observed in the MC simulations of Bolhuis et al. (ref 11).
In particular, the critical volume fraction of the polymers drops
as/ increases while that of the colloids stays nearly constant.
However, both critical volume fractions are too low, by roughly
a factor of 2 for the polymers and by a factor of 3 for the
colloids. These significant discrepancies may be attributed to
one (or all) of three reasons. First, the effective coliqidlymer
potentials derived in section 2 have been shown to vary
significantly with polymer length, particularly so for small

The perturbation theory results are based on the scaling limit
of these effective potentials, while the MC data of ref 11 are
for L = 2000. To estimate this effect, we have repeated the
calculation forA = 0.2 using the zero-density potentials (both
for the polymer-polymer free-energy and the polymer-collo&%v
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Figure 13. Comparison of results from traditional thermodynamic ®
perturbation theory (tr) and that based on the Mdyfeinction (new). . . " ° .
We report the binodals (bi) and the spinodals (spyfer 0.1 andi = Figure 15. Position of the critical points for several valuesiofcircles
0.2. The black circles correspond to the critical points. correspond to the results of the present paper, squares correspond to

the Monte Carlo results of ref 11. The number close to each point gives
05 05 the value ofi.
0.4 04 . . .
simulations and the perturbation theory are based on the same

03 0 effective two-component model, the discrepancies must be

02 02 attributed, in the colloid regime, to the neglect of higher-order

termsf™ (n > 3) in the free-energy expansion. This conjecture
il 0g is confirmed by the relative importance of the correctiéi®s

00 01 gz 03 o4 0 01 42 03 04 andf®: while in the protein limitf® is smaller tharf® along

Figure 14. Binodal (left) and spinodal (right) curves fdr= 1, 1.5, the medal curve, thls’. IS no Ic_)ng)e(rl)true in the colloid regime.

and 2. They are obtained by using thermodynamic perturbation theory FOr instance, at the critical poifi/f) ~ 0.4, 1, and 1.3 foi

0.1

based on the Mayekfunction. The black circles correspond to the = 0.4, 1, and 2. Note also that no phase transition at all is

critical points. predicted fori<2 when the free-energy expansion (3.1) is
truncated after first, rather than second order.

perturbative terms) appropriate fior= 2000 and compared the Figure 15, where we report the critical valuesggfand ¢,

results with those obtained using the scaling-limit zero-density summarizes our findings relative to the available simulation data
potentials (this check cannot be performed by using the density- of ref 11.

dependent pair potentials, since we do not have expressions for

Z, accurate enough to distinguish the scaling behavior from that IV. Conclusions

of polymers withL = 2000). The spinodal curve changes by a | this paper we have addressed the problem of mixtures of
few percent and thus tHedependence cannot explain the large  interacting polymers and spherical colloidal particles over a wide
differences we observe. range of size ratiog, covering both theprotein (1 < 1) and

The second reason for this disagreement may be the neglectolloid (1 > 1) regimes which had generally been considered
of higher-order terms in the perturbative expansion (eq 3.1). separately so far. Within a general coarse-graining strategy,
Terms beyond® could shift phase coexistence to higher colloid which has recently proved very successful in the statistical
and polymer packing fractions, but this is unlikely at the smallest description of dilute and semidilute polymeric systems, we have
4 values, where the effective polymerolloid coupling is weak,  first determined the effective interaction potentigl) between
so that the perturbative expansion is expected to convergethe centers of mass of an isolated collefblymer pair by
rapidly. This conjecture is confirmed by the comparison of the extensive MC simulations ove a wide range of size ratios 0.02
results with those obtained by using traditional perturbation < 1 < 10. Simulation carried out for several polymer lengths
theory (see the expansion reported in the Appendix correspond-250 < L < 64000 allowed the data to be extrapolated to the
ing tow(r; 1) = Av2(r)). As can be seen from Figure 13, the scaling limit, using a proper finite-size scaling analy$i#
two perturbative expansions give similar results, and are both similar analysis was applied to the universal ratio (2.5) involving
significantly different from those of ref 11. The most likely the second virial coefficier, of a colloid—polymer pair.
reason for the disagreement lies in the fact that we have used The main findings for SAW polymersft = 0) are the
the zero-density limit of the effective colloigholymer potential  following. The repulsive pair potentiab(r) is a monotonically
while phase separation is observed in the semidilute polymer decreasing function of the CM-CM distancand its amplitude
regime (o, 2 1) and for finite colloid packing fractions. Inthe  ,,(r = 0), which is related to the insertion free energy of a
semidilute regime, the relevant polymer length scale is no longer small colloid into a single polymer coil, grows steadily with
Rg but rather the correlation lengéh< Ry, which controls, inter and exceedksT for A > 0.2. Forl > 1 the potential develops
alia, the work of insertion of a colloid wheh < 12337 This a repulsive core reflecting the fact that a polymer coil has a
suggests that the second virial coefficiegit of a colloid— very low probability of wrapping around a colloidal particle of
polymer pair is reduced; such a reduction would imply that radiusR. > R,. The L dependence of the effective potential,
higher densities would be required to drive phase separation,which is substantial for small, becomes insignificant for
in qualitative agreement with the simulation data. A= 0.5,

As 1 is further increased, we enter the colloid regime. The second virial coefficient, in its dimensionless universal
Spinodal and binodal curves, calculated from second-order form A;, goes through a minimum arouridz 0.4. Both the
perturbation theory fof = 1, 1.5, and 2 are shown in Figure initial decrease and the asymptotic increase at largan be
14. With increasing the critical polymer packing fraction drops  understood in terms of simple scaling arguments.
steadily, while the critical colloid packing fraction increases  We have extended the MC calculations to the case where an
slowly in qualitative agreement with the simulation data of ref attraction— ¢ is added between adjacent nonbonded monomers,
15. While the predicted criticap. are in reasonable agreement to account for solvent quality. The resulting effective colteid
with the latter data, perturbative theory predicts critigavalues polymer pair potentialvo(r) turns out to be surprisingly
which are typically a factor of 4 too low. Since both the MC insensitive to the reduced inverse temperafiire= ¢/ksT, up CDV
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to the ® point, except for the lowest size ratids< 0.5. The to those laid out in the Appendix.

effective potentials nea®-point conditions are very close to It is finally worth noting that attempts to replace the
those derived for ideal (noninteracting) polymer chains. The perturbation expansion by fluid integral equations, like HNC,
reduced second virial coefficiedt, increases withg* for all for the calculation of the thermodynamics of the two-component
size ratios, and goes through a minimum at roughly the same colloid—polymer system fail to predict phase separation at any
value of 4, irrespective of the value ¢f*. value of 1. It appears that standard integral equations cannot

The zero-density effective pair potentials are the main input 0P With mixtures of hard (colloids) and soft (polymers)
in our investigation of colloie-polymer phase separation over particles. It is likely that hybrid |ntegral_equat|ons, I|k_e those
an extended range of size ratiasThe weakness of the colloid of Rogers and Young (ref 43) would yield more satisfactory
polymer coupling in the protein limit suggests the use of results. ) o ) o
standard thermodynamic perturbation theory for the calculation ~ 1he present investigation was restricted gas-liquid
of the free energy, starting from a decoupled, two-fluid reference coexistence, but could well be extended to include also
system. However, asincreases, the effective coupling becomes crystallization of_collmd—polymer mixtures in order to map out
stronger and develops a highly repulsive core, which renders the full phase diagram.
the standard (Zwanzig) version of thermodynamic perturbation
theory inapplicable. We have developed an alternative version
involving an expansion in powers of the Mayedunction, rather
than the potential, which applies to any valuelpénd reduces Consider a binary mixture dfi, particles of speciea. (a. =
to the Zwanzig expansion in the low-coupling (protein) limit. A B); N = Na + Ng andp, = No/V is the number density of
The second-order version of this modified perturbation theory SPeciesa. The configuration integral reads:
was used to predict phase diagrams of coftggdlymer mixtures
for 0.1 < 4 < 2. Contrarily to most earlier work, our unified Z(Na, N, V) =
approach applies to both protein and colloid regimes. While 1
the critical polymer concentration is found to drop monotonically
as/ increases, the theory predicts an interesting nonmonotonic
variation of the critical colloid concentration, which seems to
be correlated with the minimum of the reduced second virial
coefficientAy(1) which controls the first-order contributid)
to the free energy. Although the theoretical predictions are in
qualitative agreement with recent MC data in the protein réinge _ 50 _
and in the colloid rang& there are substantial quantitative Z(Nay N, V) = Z7(N, Ng, V. f7) =
differences; in particular, the perturbation theory systematically ZO(N,, V. ZO(Ng, V,8) (A2)
underestimates the colloid packing fractions at coexistence.

The reasons for these discrepancies are, however, differen
in the two regimes. In the protein regime, the coexistence
densities of the polymers are higly(> 1), corresponding to
the semidilute regime, where the use of zero-density effective
colloid—polymer potentials is not justified, due to significant
polymer overlap. This difficulty can, in principle, be overcome,
by using a multiblob (rather than a single blob) representation

of the polymer caoils, with blob size comparable to the colloid . . >
size, along the lines of the ideas in ref 19. A simple scaling INtéract through an interpolating potentiahg(4), 0 = 4 = 1,

argument shows that the overlap density of blob®is! times ~ SUCh thatWag(1) = Vag and Wag(0) = 0. The corresponding
higher thanp* = 3/(47R?) (wheren = L/l is the number of ~ configurational integral becomes

blobs of lengthl in a polymer of length.), so that the coarse-

grained system of blobs remains in the dilute (no overlap) regime 7(1) = f |‘| dr; dB%EXD[—ﬂ(VAA +

up to significantly higher polymer concentrations, justifying the VNATNe e

use of. zero-density effective .bletID_Iot.) and blob-colloid Vag + Wag(D))] (A4)
interactions. Work along these lines is in progress.

On the other hand, in the colloid regimé & 1), the The corresponding excess free energly(is) = — ksT In Z(1).
disagreement between theory and simulation is likely to be due We then adopt the standard procedure of thermodynamic
to another reason, since the polymer density in the coexisting perturbation theorf to derive the exact expression:
phases is well below* so that the use of zero-density effective dW
pair potentials is justified. The discrepancy between theory and _ )} 1 Q ABD
simulation of the same coarse-grained model must be traced pR=pRG=1)=pF"+ j;di di (A5)
back to the slow convergence of the perturbation theory in the
strong-coupling limit, as illustrated by the relative values of the Where L] denotes a statistical average over an ensemble of
free-energy contribution? andf®. Calculation of the third- ~ Systems characterized by coupliig[cf. eq A4]. A Taylor
order termf® is feasible but tedious, and is left for future work. ~€xpansion of fW)g[] in powers of2 leads to the series:

In the colloid limit a better reference system might a mixture

of hard spheres (colloids) and point particles (polymers) SF :ﬁF(O) + S0 "‘EWNXB@ +

excluded from the spheres. In this case the soft polymer ﬂzz

polymer interaction and the soft tail of the colleigolymer p- ' N2 A T2 e
interaction would be treated as perturbations, along lines similar 2 (Wae)l§ — Wpgld) + =+ (A6)

Appendix A: Thermodynamic Perturbation Theory for a
"Weakly Coupled Binary Mixture

d3ri d3% exp[=B(Vaa T Ves T Vap)l (Al)
VNA-’_NB icAjeB
where V,, denotes the total potential energy of interaction
between particles of speciesandy. If the two species are
decoupledVag = 0, then

whereZ® andZ® are the configurational integrals for systems
A andB, and the superscript (0) denotes the reference system.
The excess free energy of the reference system is

FO = — kTInZ9 = F,(N,, V,f) + Fg(Ng, V.B)  (A3)

Now, turn on the coupling between the two species adiabatically
by considering intermediate systems in which the two species

Ccbv
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Na Ng

BWpg(2) = ZZWAB(|ri =504 (A7)
i=1j=

Now assume thaiVag(4) is pairwise additive so that N
. = —{ 3xA2xBZ[f KPR 0(K) +

Wag,o(k = 0) ?(h Ok = 0) + g Ok = 0))| +

andwag(r;4) &~ AWago(r) + A2Wap(r)/2 + O(A3). It follows .
PXpXg f d’r [WAEs,o(r)2 = Wpg 1(N] + pWpg o(k = 0)*+

[BWpg [§= NANgWpg o(Ir; — si1)[§= NXAXBpfd3I’ Wago(r) ok . .
(A8) S (2”)3“Aso<k) (PANAA () + pghs V() } (A16)
sinceA andB particles are uncorrelated in the reference system;
in eq A8, p = pa + pg, While X, = po/p = No/N. Therefore In the case under consideration in this paper AlaadB species
are the colloids and the polymers. We consider two different
= XAXBPI dr Wyg(r) (A9) interpolating potentials. A first possibility 1¥ag(d) = AVag,
' which corresponds to the traditional Zwanzig perturbation
Analogously we obtain theory38 In this casenapo(r) = Buas(r) andwag: = 0. Zwanzig
theory is inapplicable whenag(r) contains a hard-core repul-
[BW,isld = NaNgW,g,(Ir; — S/) = NXAXBpfdgr Wpg 1() sion, as is the case for colloigholymer mixtures withh =

A second possibility is to interpolate between zero andAtiB
interaction following the path (& 1 < 1):

The second-order term in the series (A6) involves also the square

of (A8) subtracted from Na Na

o BWasld) — I_l ”[1 +Ms(ri— sl (A17)
1=1 )=

(A10)

Na Ng Na Ng
[UBWag)? 4= ZZZZEVABO(” SDWago(Ire — s

(AL1) wherefag(|ri — s1) = exp[-Buas(|ri — §l) — 1 is the Mayer
function, which is finite whatever the strength of the repulsion.

In this quadrup|e sum, we d|st|ngu|sh four casesi @:) k, J = Taklng |Ogarithm3 of both sides of eq Al7, We f|nd |n this case
Iy i=k j=1; (i) i=kj=1I;(v)i=kj=I Caseigives Wago(r) = — fas(r) andwag 1(r) = fag(r)% Substltupon into egs
immediately A9 and A16 leads to the free-energy expansion used in the
calculations presented in this paper.
N.N-Gv r.— 20 = Nx.x & w r? (A12 Note that the two expansions coincide in the limig — O,
WNs W11 — 1)1 = Niuxgp [ 0 Wag (1) (AL2) up to terms of ordepag®, since in this caséag(r) = —uag(r).
Case ii yields Thus, in the calculations presented in this paper the difference
in the results obtained at the same densities by using the two
NaNg(Ng — 1)IWag o(Ir1 = Si)WagollTs — SI) different expansions should decreaselas- 0, since in this
limit vag — O.
2 [ B 3 0 AB
= Nppg fd s, d’s, WAB,O(SL)WAB,O(SZ)gBB( (EREY)
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