
An Effective Two-Component Description of Colloid-Polymer Phase
Separation

Andrea Pelissetto*

Dipartimento di Fisica and INFN - Sezione di Roma I, UniVersità degli Studi di Roma “La Sapienza”,
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ABSTRACT: Effective pair potentialsV(r) between hard-sphere colloids and the centers of mass of self-avoiding
polymer coils are determined in the low-density limit by Monte Carlo sampling of polymer conformations, over
a wide range of size ratiosλ ) Rc/Rg, whereRc andRg are the colloid and polymer radii. In the protein limitλ
, 1, V(r) is small compared to the thermal energykBT, allowing the use of thermodynamic perturbation theory
within the effective two-component representation to determine the free energy of colloid-polymer mixtures
and the resulting segregation line. In the opposite limit (λ > 1), the effective interactionV(r) develops a hard
core, preventing the application of standard thermodynamic perturbation theory. A variant on the latter, focusing
on the Mayerf-function, rather than on the effective colloid-polymer potential, allows the extension of the
perturbative calculations to all size ratiosλ. The predicted phase diagrams are in semiquantitative agreement
with available simulation data, both in the protein (λ < 1) and in the colloid (λ > 1) regimes.

I. Introduction

The mesoscopic structure, phase behavior, and rheology of
colloidal suspensions are strongly altered by the addition of
nonadsorbing polymers. The key mechanism underlying these
changes in static and dynamic properties is polymer depletion
linked to the observation that individual polymer segments
cannot penetrate the compact colloidal particles. This leads to
a reduction of the allowable polymer conformations in the
vicinity of the colloid; the concomitant loss in entropy can
trigger segregation into colloid-rich (orcolloid liquid) and
colloid-poor (orcolloid gas) phases.

In the following, as in much of the existing literature,
restriction will be made to hard spherical colloidal particles of
radiusRc. The mean polymer size is best characterized by the
radius of gyrationRg of the individual polymer coils. Apart from
the practical aspects of the material properties of colloid-
polymer mixtures, the statistical mechanics of binary systems
involving both rigid and deformable particles constitutes an
interesting and challenging problem.

A crucial parameter characterizing such mixtures is the size
ratio λ ≡ Rc/Rg. In many practical situations the colloidal
particles are substantially larger than polymer coils so thatλ >
1. In fact, the caseλ . 1 is frequently referred to ascolloid
limit. It has been thoroughly investigated following the pioneer-
ing work of Asakura and Oosawa1 and Vrij2 and is well
understood.3 Polymer conformation fluctuations play a relatively
minor role and the smaller polymer coils induce depletion-
driven, mostly pairwise-additive attractive interactions between
the larger colloids. This attraction induces a colloidliquid-
gastransition for sufficiently high polymer concentration. There
are quantitative and even qualitative differences between the
phase diagrams resulting from ideal or interacting polymer
chains,4 but the basic depletion picture remains the same.

The caseλ < 1 is less well understood. Conformational
changes now play an important role since the larger polymer
can wrap around the smaller colloids. Experimental data for
mixtures of polymers and proteins,4,5 micelles,6 and silica
nanoparticles7 all give clear evidence of phase separation over
a system-dependent range of polymer and colloid concentrations.
The termprotein limit has been coined for the regimeλ , 1,
since it can be achieved by mixtures of small globular proteins
and high molecular-weight polymers. The biological interest in
such mixtures arises from the observation that the addition of
water-soluble polymers to protein solutions favors protein
crystallization, a notoriously difficult but crucial step toward
the X-ray determination of their structure.

A number of theoretical investigations of the structure,
thermodynamics, and phase behavior of colloid-polymer
systems withλ < 1 have been reported, leading to sometimes
conflicting predictions. They may be broadly classified as
belonging to one of three levels of description:

(a) Full, monomer-level approaches allow for a detailed
description of polymer conformations in the presence of one or
several hard-sphere colloidal particles. These include, among
others, the field-theoretic investigations of Eisenriegler and
collaborators,8 the fluid integral-equation calculations of
Schweizer and co-workers9 based on the polymer reference
interaction-site model (PRISM), as well as Monte Carlo (MC)
simulations involving lattice models of ideal10 and interacting11

polymers. Provided the intrinsic limitations of such simulations
(e.g., the limited range of polymer lengths) are kept in mind,
they provide stringent benchmarks against which approximate
theories for equivalent models must be gauged.

(b) Within a reductionist strategy, whereby individual mono-
mer degrees of freedom are averaged out, the initial colloid-
polymer mixture may be mapped onto a much simpler effective
two-component system involving only effective interactions
between the centers of mass (CMs) of the colloidal hard spheres
and of the polymer coils regarded assoft colloids12 in the spirit
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of the Asakura-Oosawa model.13 This approach has proved to
be very successful for pure solutions of interacting polymers12,14

and for colloid-polymer mixtures in the large-colloid regime
(λ > 1),15 but has so far been less exploited in the small-colloid
regime (λ < 1). The Asakura-Oosawa model has been extended
to the latter regime16 and so has the successful free-volume
theory of Lekkerkerker et al.,16,17 while Sear has proposed an
interesting generalization of the Asakura-Oosawa model to the
protein limit, where the depletant is identified with polymer
blobs18 of a size similar to that of the colloids, rather than the
larger full polymer coil.19

(c) One may attempt one further step in the coarse-graining
strategy by reducing the initial two-component problem to an
effective one-component system of colloidal particles interacting
via polymer depletion-induced effective interactions. This
approach has proved rather fruitful in the large-colloid regime
(λ > 1)20,21 but has been shown to be useless in the protein
limit (λ < 1) due to the growing importance of many-body
interactions compared to the effective pair interactions.10,11,16,22

As anticipated by de Gennes,23 the effective pair interactions
are too weak to induce the observed partitioning of small
colloids in the presence of large polymers and cumbersome
many-body interactions would have to be included to lead to
phase separation, thus rendering the effective one-component
representation untractable.

In the present paper, we return to the effective two-component
representation, in an attempt to extend it to arbitrary values of
the size ratioλ, including the less-studied protein limit. To that
purpose we first compute the effective pair potential between a
hard-sphere colloid and the CM of a single interacting polymer
over a wide range of size ratios (0.02e λ e 10) and of polymer
lengthsL (section 2). Following our earlier work on effective
polymer-polymer pair potentials24 we investigate the scaling
limit (L f ∞) and finite-length corrections to the colloid-
polymer potentials. Forλ , 1, the effective polymer-colloid
coupling is sufficiently weak to justify the use of standard
thermodynamic perturbation theory for the calculation of the
free energy of colloid-polymer mixtures, as well as the re-
sulting phase diagram. This perturbation theory is no longer
applicable whenλ J 0.5, because the effective colloid-polymer
pair potential becomes much larger than the thermal energy
kBT at short center-to-center distances. A variant of thermody-
namic perturbation theory is formulated to handle strongly
repulsive pair potentials, and is applied to the calculation of
colloid-polymer phase diagrams over the whole range of
size ratiosλ (section 3). A discussion of possible extensions of
the present approach and concluding remarks are given in
section 4.

II. Effective Colloid -Polymer Potentials

The basic model considered throughout this paper is a mixture
of hard spheres of radiusRc and polymers of lengthL liVing on
a cubic lattice. The segment lengthb coincides with the lattice
spacing and will serve as unit of length. The centers of theNc

spheres occupy one of theΩ lattice sites. The colloid number
density isFc ) Nc/Ω and the corresponding volume fraction is
æc ≡ 4πFcRc

3/3. The polymers are self- and mutually avoiding
walks (SAWs), i.e., any lattice site can be occupied by at most
one monomer; there is an attractive energy,-ε (ε > 0) between
nonbonded, adjacent monomers. The monomers are excluded
from the nonoverlapping hard-sphere volumes. WithNp poly-
mers on the lattice, their number density isFp ) Np/Ω, while
the segment concentration isc ) LFp. The polymer volume
fraction is conveniently defined in terms of the polymer radius

of gyration Rg, æp ≡ 4πFpRg
3/3. The overlap density (Fp

/) is
defined as the polymer density at which the volume per polymer
1/Fp equals the volume of one coil, i.e.,æp ) æp

/ ) 1. The
corresponding monomer concentrationc* ) 3L/(4πRg

3) scales
like L1-3ν, whereν is the radius-of-gyration exponent (Rg ∼
Lν); ν ≈ 0.588 in the good-solvent regime,25 while ν ) 1/2 for
ideal chains. Note that, at fixedæp, the monomer concentration
vanishes in the scaling (L f ∞) limit so that polymer coils in
solution can easily interpenetrate.

It is customary to distinguish the dilute regime (Fp < Fp
/)

from the semidilute regime (Fp > Fp
/). In the former the only

relevant polymer length scale (for a given segment lengthb) is
the radius of gyrationRg, whereas in the latter regime a second
length scale, characterizing the network of interpenetrating
polymers, comes into play, namely the correlation length:18

In an athermal (ε ) 0) colloid-polymer mixture the key
physical parameters are the ratioλ ≡ Rc/Rg, the volume fractions
æc andæp, and the polymer lengthL (note that the ratioλê )
Rc/ê is determined byλ and eq 2.1). If monomer-monomer
attractions are present (ε ) 0), there is an additional inverse
temperature variableâ* ≡ âε ) ε/kBT. In a θ solvent a single
chain contracts to an ideal chain (ν ) 1/2); in the present model
the inverse-temperature parameterâ* takes the valueâθ

/ =
0.2687 in the scaling limit.26

In this section we consider the infinite-dilution limit (æc, æp

f 0); in the spirit of the effective two-component representation,
we first determine the effective pair potential between the CMs
of an isolated pair of one colloid and one polymer as a function
of the distancer between their CMs. IfH(1, 2) is the total
interaction energy between a colloid with CM atr2 and a
polymer coil with CM atr1, then the effective pair potential is
defined as

wherer ≡ |r1 - r2| and the average is taken over all polymer
conformations such that the distance between the colloid and
the polymer CMs isr. In the lattice model, the sum over
conformations reduces to a sum over all walks of lengthL. In
the scaling limit (L f ∞ at fixedλ), like any invariant universal
ratio of statistical polymer properties,âV2(r;L, Rc;â) goes over
to a universal functionV∞(x;λ) of λ and of a reduced CM-CM
distancex ≡ r/Rs. For Rs, we have chosen the lengthRs )
x(Rc

2 + Rg
2). For large, but finite polymer lengthL, corrections

to the scaling limit lead to the following expression:24,27,28

with the normalization conditionVc(0;1) ) 1; aV(â) is a
nonuniversal temperature-dependent amplitude. The most ac-
curate estimate of the exponent∆ so far yields25 ∆ ) 0.515(
0.017. The last term with∆eff ≈ 1 is an effective correction
term that corresponds to the sum of three (or more) terms with
exponent close to 1.24

The second virial coefficient for a colloid-polymer pair is
defined as

where the average is over all walks of lengthL starting at the

ê ∼ Rgæp
-ν/(3ν-1) (2.1)

âV2(r; L, Rc;â) ≡ - ln〈e-âH(1,2)〉r (2.2)

âV2(r; L, Rc;â) ) V∞(x;λ) + aV(â)Vc(x;λ)L-∆ +

bV(x;â,λ)L-∆eff + ‚‚‚ (2.3)

B2(L, Rc;â) ) 1
2∫d3r1〈1 - e-âH(1,2)〉0,r1

(2.4)
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origin, while a colloid is placed atr1. The universal ratio

may be expressed in a form similar to eq 3 in the scaling limit:

with the normalizationf2(1) ) 1. A careful finite-size-scaling
analysis, similar to that carried out in ref 24 for the case of two
identical polymers, allows in principleV∞(x;λ), Vc(x;λ), A2

∞(λ),
f2(λ), as well as the universal amplitude ratioaV(â)/a2(â) to be
extracted from accurate MC simulations carried out for several
lengthsL.

We have carried out such simulations over a wide range of
size ratios, 0.02e λ e 10, covering both the protein and the
colloid regimes. We used the pivot algorithm29-32 (together with
bilocal moves33 and the multiple Markov chain method34,35close
to the Θ point) and simulated walks withL varying between
100 and 64000.

We have first considered the pair potentialâV2(x;L, Rc;â) and
determined the scaling functionsV∞(x;λ) and Vc(x;λ). For this
purpose the effective pair potential is required for several values
of L at thesamevalue ofλ. This condition cannot be fulfilled
directly: sinceRc can only be an integer multiple of the lattice
spacingb, only a discrete set ofλ can be generated for any
given L. To obtain results at a fixed value ofλ, we have first
determined the effective pair potential at two nearby valuesλ1

andλ2, and then we have performed a linear interpolation. This
correction is quantitatively small whenRc/b is large, since in
this case one can chooseRc in such a way to obtain a good
approximation of the desiredλ, but is crucial whenRc/b is small,
e.g., 3-5. In Figure 1 we show the results forλ ) 0.2, 0.4, 0.8,
and 1, for different values ofL andâ* ) 0. TheL dependence
is significant forλ j 0.5, but the scaling limit is rapidly reached
for λ > 0.5. This is partly a consequence of discretization:
scaling corrections are small only ifRc/b . 1, i.e., for L .
λ-1/ν. Therefore, very long polymer chains are required in the
limit of small λ. In practice, discretization corrections appear
to be small forRc/bJ5; this required us to simulate walks of
lengthL ) 64 000 (Rg/b ≈ 300) to obtain reliable results down
to λ ≈ 0.02. The sphere-to-segment ratio has a nonnegligible
influence on the monomer depletion layer thickness around a
sphere.36 In Figure 2, we show the predicted universal function

V∞(x;λ). The main observations are that (i) the effective
potentials are always repulsive, monotonically decreasing with
x, and of short range; (ii) the maximum valueV∞(x ) 0) is weak
for the smallest values ofλ, but increases rapidly withλ.
Observation i is an immediate consequence of the fact that the
scaling limit can be obtained by considering data withâ* ) 0
and in this case the Boltzmann factor in eq 2.2 can only take
the values 0 and 1. Observation ii reflects the fact that in the
protein limit λ , 1 the polymer can wrap around the hard
sphere, which becomes increasingly unlikely as the size ratio
increases.

For λ j 0.5sthe regime in which scaling corrections are
sizableswe can determine the correction-to-scaling function
Vc(x,λ) using the method described in ref 24. There it was shown
that the correction functionVc(x) for the polymer-polymer
effective pair potential was approximately proportional to
V∞(x), i.e., the ratioVc(x)/V∞(x) was independent ofx within error
bars. Within the precision of our MC data, the same constancy
is roughly observed forVc(x) when λj0.5, as can be seen in
Figure 3, where we report the ratio

for λ ) 0.2.
From the results reported in Figure 2 one can see thatV∞(x

) 0;λ) increases rapidly asλ increases and no estimate is
obtained forλ > 1, since in this case polymer conformations
that wrap around the sphere become increasingly unlikely. The
valueV2(x ) 0;L, Rc;â) is identical to the work required to insert
a sphere into a single polymer coil. This was estimated by de
Gennes23 to scale likeλ3-1/ν = λ1.30. To check this relation, we
plot f (λ, L)≡âV2(0;L, Rc;â)/λ1.30 in Figure 4. If de Gennes’
scaling is correct,f (λ, L) should approach a finite constant as
L f ∞ followed byλ f 0. The results support this conclusion
and givef (0;∞) ≈ 5.5.

By using the blob picture one can relateV∞(x;λ) for λ f 0
with the scaling function associated with the monomer-CM
distribution for a single polymer in the absence of the colloid.
Indeed, ifλ is small, the colloid interacts only with a polymer
blob of lengthL1 ∼ Rc

1/ν. Thus, we can write

Figure 1. Effective pair potentialâV2(r;L, Rc;â) vsx ) r/Rs for several
values ofλ andL. Hereâ* ) 0.

A2(L, Rc;â) )
B2(L, Rc;â)

[Rg(L,â)]3/2Rc
3/2

(2.5)

A2(L, Rc;â) ) A2
∞(λ) + a2(â)f2(λ)L-∆ + b2(â,λ)L-∆eff + ‚‚‚

(2.6)

Figure 2. Effective pair potential in the scaling limit: universal
function V∞(x;λ) vs x for several values ofλ.

Figure 3. Scaling corrections to the effective pair potential: universal
functionwc(x;λ) ) [Vc(x;λ)/Vc(0;λ)]/[V∞(x;λ)/V∞(0;λ)] vs x for λ ) 0.2.

wc(x;λ) )
Vc(x;λ)

Vc(0;λ)
× V∞(0;λ)

V∞(x;λ)
(2.7)
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wherepbl(r) is the probability that there is a blob at a distance
r from the CM,Vblob is the interaction energy between the blob
and the colloid, ands ∼ Rc is the typical interaction distance
between the polymer blob and the colloid. The probability
pbl(r) satisfies the normalization condition

whereNblobs is the number of blobs. For dimensional reasons
we must have in the scaling limit

with

From eq 2.8 it follows that

where we useds3Nblobs/Rg
3∼λ3-1/ν f 0 for λ f 0. The prefactor

follows from

This gives the relation

valid for λ f 0 in the scaling limit. The functionpscal,bl(x) can
be related to the analogous universal function that characterizes
the scaling behavior of the monomer-CM distribution function.
Let 4πr2pCM(r) dr be the number of monomers whose distance
from the CM is betweenr and r + dr. In the scaling limit

We wish now to argue thatpscal,bl(x) ) pscal,CM(x). Indeed, for
λ f 0 the blob sizeRc is infinitely small compared toRg, which
is the relevant length scale in the scaling limit. Sincepscal,CM(x)

is universal, the same function characterizes the distribution of
single monomers or of small blobs (in other words,pscal,CM(x)
is invariant under a renormalization-group coarsening procedure
in which “small” blobs are replaced by a single monomer). With
this identification, sinceRg ≈ Rs in the limit λ f 0, we obtain

To verify this relation, we have computed numerically the
function pscal,CM(x), and we have compared it with the ratio
âV2(r)λ-3/2/(2A2); see Figure 5. The relation is verified quite
accurately. Note that the derivation of relation 2.16 is quite
general and relies only on the fractal nature of the polymer.
Hence, it applies not only to SAWs, i.e., to polymers in the
good-solvent regime, but also to ideal chains.

The second virial coefficient in the dimensionless form 2.5
is plotted in Figure 6 as a function ofλ for several values ofL.
As in the case ofâV2, the L dependence ofA2 is seen to be
substantial belowλ e 1, and to become much weaker for larger
size ratios.A2 goes through a minimum forλ = 0.4 and rises
steadily thereafter. The behavior for small and large values of
λ can be understood by simple arguments. The behavior for
small λ can be obtained by using once more the blob picture,
in which the colloid interacts only with a polymer blob of length
L1 ∼ Rc

1/ν. Thus,B2 ≈ (L/L1)B2,blob∼λ-1/νB2,blob. For dimensional
reasons we expectB2,blob ∼ Rc

3, which impliesA2
∞∼λ3/2-1/ν )

λ-0.202. This result is consistent with the small-λ behavior of
the pair potential,V∞(x;λ)∼λ3-1/νV0,∞(x). The prefactor can be
obtained from the results of ref 37 that give the free energy for
the insertion of a single colloid: ifAg is the constant defined in
ref 37 [see eq 1.4],A2

∞ ) Agλ3/2-1/ν/2. Using the field-
theoretical predictionAg ≈ 18.4, we thus expectA2

∞ ≈ 9.2 ×
λ3/2-1/ν. To check this prediction, we plotA2λ0.202 in Figure 7.
If we do not consider the data withλ < 0.03 which are probably
affected by corrections to scaling, it is clear thatA2λ0.202

converges to a constant asλ f 0, confirming the predicted
asymptotic behavior. As for the prefactor, our data indicate that
A2λ0.202 converges to some number between 8 and 8.5 asλ f
0, which is reasonably close to the field-theoretical prediction.
For λ f ∞, we expectB2 to be proportional to (Rc + Rg)3 and
thus A2

∞ ∼ λ-3/2(1 + λ)3. The results shown in Figure 7

Figure 4. Function f (λ, L;â)≡âV2(0;L, Rc;â)/λ1.30 for â* ) 0 and
several values ofλ andL.

âV2(r) ≈ - ln{e-âVblobs3pbl(r) + [1 - s3pbl(r)]} (2.8)

∫d3r pbl(r) ) Nblobs (2.9)

pbl(r) )
Nblobs

Rg
3

pscal,bl(r/Rg) (2.10)

∫d3x pscal,bl(x) ) 1 (2.11)

âV2(r) ≈ -ln[1 - (1 - e-âVblob)
s3Nblobs

Rg
3

pscal,bl(r/Rg)]
∼ s3Nblobs

Rg
3

pscal,bl(r/Rg) (2.12)

B2 ) 1
2∫d3r (1 - e- âV2(r)) (2.13)

âV2(r) )
2B2

Rg
3
pscal,bl(r/Rg) (2.14)

pCM(r) ) L

Rg
3
pscal,CM(r/Rg) (2.15)

Figure 5. Plot of the ratioâV2(r;L, Rc;â)/[2A2(L, Rc;â)λ3/2] vs r/Rs for
L ) 64 000,â* ) 0, and several values ofλ. The continuous line
corresponds to the functionpscal,CM(x) defined in the text.

Figure 6. Second virial coefficient: plot ofA2(L, Rc;â) vsλ for several
values ofL andâ* ) 0. On the left we report all data forλ e 10, on
the right we only show the data forλ e 2.

V∞(x;λ) ) 2A2
∞(λ)λ3/2pscal,CM(x) (2.16)
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confirm this prediction and provide the prefactor. Forλ f ∞,
we obtainA2

∞ ≈ 2.11λ3/2.
We have also investigated the influence of monomer-

monomer attraction (ε*0) on the effective pair potential
âV2(x;L, Rc;â). Results for 0e â* e âθ

/ are shown in Figure 8
for L ) 2000. As might have been expected, the effective
CM-CM interaction becomes more repulsive asâ* increases
toward theθ regime. The observed increase ofâV2(x ) 0) is
particularly strong for the smallest size ratios. It is due to
the contraction of the polymer coil asâ progressively in-
creases which prevents the polymer to wrap around the sphere.
The effect is less pronounced for larger size ratios and, for
λ g 1, the effective potential is nearly independent ofâ. For
â ≈ âθ and any fixedλ, âV2 should converge to the effective
pair potential between an ideal chain (random walk) and a
colloid. The results reported in Figure 9 show that this indeed
happens.

The temperature-dependent second virial coefficient in its
reduced form 2.5 is illustrated in Figure 10 as a function of
â* for L ) 2000 and several values ofλ. As expected from
the results forâV2, A2 increases withâ* for any givenλ. We
also show data atâ ) âθ together with results for an ideal
polymer chain: they are seen to lie slightly above the SAW

Θ-temperature results. As expected the difference decreases as
L increases.

In the following section, we are going to exploit the results
obtained forâV2 andA2 to investigate possible colloid-polymer
phase separation.

III. Colloid -Polymer Segregation

The results of the previous section show that the effective
polymer-colloid pair potentialV2(r) goes to zero asλ f 0 and
its maximum valueV2(r ) 0) does not exceedkBT for λ j 0.2.
It appears hence natural to apply theormodynamic perturbation
theory38 to compute the free energy of colloid-polymer
mixtures in the protein limit, taking the two-fluid system of
independent (decoupled) colloid and polymer components as a
reference system. Such a perturbation theory is somewhat
unusual, since, while polymers interact with polymers and
colloids with colloids, particles of different species do not
interact in the reference system. Forλ > 0.2, on the other hand,
âV2(r) increases rapidly beyond 1, and standard thermodynamic
perturbation theory, which is essentially a cumulant expansion
in powers of âV2(r), is no longer expected to converge.
Moreover, forλ J 1, âV2(r) develops a hard core, due to the
fact that polymers are no longer able to wrap around the large
hard-sphere colloids. We present here and in the Appendix a
variant of thermodynamic perturbation theory, which amounts
to an expansion in powers of the Mayerf function for a colloid-
polymer pair. It allows one to circumvent the breakdown of
traditional perturbation theory and to calculate free energies and
the resulting phase diagram for any value ofλ.

Let f ≡ âF/N be the reduced free energy per particle of the
mixture, whereN ) N1 + N2, N1 and N2 are the total num-
bers of polymers and colloids, andx1 ) N1/N, x2 ) N2/N ) 1
- x1 the corresponding number fractions. Thenf may be
expanded as

wheref(0) ) f(0)
pol + f(0)

coll is the free energy of the reference
system, i.e., the sum of the free energies of the polymer fluid
and of the hard-sphere colloid fluid, whilef(1) and f(2) are the
first- and second-order corrections. Explicit expressions are
given in the Appendix. The three terms on the rhs of eq 3.1
can be expressed in terms of the equations of state and of the
pair correlation functions of the pure polymer and hard-sphere
fluids. The colloid contribution tof(0) is taken from the accurate
Carnahan-Starling equation of state of a hard sphere fluid38

where the irrelevant de Broglie thermal wavelength was chosen
equal to the unit of length.

Figure 7. Second virial coefficient: on the left we showA2(L, Rc;â)
λ0.202 vs λ for several values ofL, on the rightA2(L, Rc;â)λ3/2/(1 + λ)3

vs λ for L ) 4000. In all casesâ* ) 0.

Figure 8. Effective pair potential vsx ) r/Rs for L ) 2000 and several
values ofâ*, up to âθ

/ ≈ 0.2687.

Figure 9. Effective pair potential forâ* ) 0.2687≈ âθ
/ and several

values ofL. For comparison we also report the effective pair potential
for the ideal-polymer or random-walk (RW) case.

Figure 10. Second virial coefficient: on the left we reportA2 vs â*
for several values ofλ; on the rightA2 vs λ for â* ) 0.2687≈ âθ

/ for
several values ofL. For comparison we also reportA2 for the random-
walk (RW) case.

f ) f(0) + f(1) + f(2) + ‚‚‚ (3.1)

f coll
(0) (Fc) ) x2[lnFc +

æc(4-3æc)

(1 - æc)
2 ] (3.2)
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The polymer contributionfpol
(0) to the reference free energy

can be derived from the polymer equation of state. For this
purpose we have computed the pressurePp using the density-
dependent effective pair potentials betweenL ) 2000 SAW
polymer coils reported in ref 39 which provide a good fit of
the MC data up toæp ) 2. These effective polymer-polymer
pair potentials are roughly Gaussian in shape, with an amplitude
of order 2kBT and a width of orderRg, and vary slowly with
density. They serve as input in the compressibility equation
within the hypernetted chain (HNC) integral equation,38 which
is quasi-exact for such soft potentials.12,40The results have been
fitted to the expression

where we have chosenR ) (1 - 3ν/2)/(3ν - 1) = 0.156. This
ensures that the equation of state satisfies the correct asymptotic
scalingZp ∼ æp

1/(3ν-1) in the semidilute regime.18 We obtain
the coefficients: a ) 1.42143,b ) 1.12099,c ) 3.51836.
Expression 3.3 agrees with recent, monomer-level MC simula-
tion data41 and with the equation of state that has been obtained
by resumming the fourth-order virial expansion42 (relative
differences are less than 1.5%). The free energy per polymer
follows from eq 3.3 by thermodynamic integration:

The first-order correctionf(1), derived in the Appendix, is
proportional to the second virial coefficientB2 for a colloid-
polymer pair (cf. eq 2.4):

whereF ) Fc + Fp ) N/V is the overall number density of the
mixture, whileA2 is the universal ratio (2.5), as calculated in
section 2.

The explicit expression of the second-order termf(2) given in
the Appendix requires the knowledge of the effective colloid-
polymer pair potential and of the colloid-colloid and polymer-
polymer pair correlation functions in the decoupled reference
system. For the former we used the analytic solution of the
Percus-Yevick (PY) equation for hard spheres,38 while the latter
were computed numerically from the polymer-polymer pair
potentials, using the (HNC) integral equation. In the latter case
we have used the density-dependent potentials reported in ref
39. Note that those expressions are only valid up toæp ) 2:
for larger values they predict pair potentials that are somewhat
larger than those observed in numerical data. To estimate the
error we are making foræp g 2, we have systematically repeated
the calculation, computingf(2) by using the zero-density potential
reported in ref 24. No significant difference is observed in the
phase diagrams which will be reported below, indicating that
the density dependence of the effective polymer-polymer
interaction is irrelevant in the calculation of the second-order
term f(2).

Note that, in the limitλ f 0, the Mayer functionf (r) )
exp(- âV2(r)) - 1 reduces to- âV2(r), so thatf(1) goes over to
the simple random-phase approximation (RPA):

Using the overall densityF (or, equivalently, the volume per

particle V≡1/F) and the polymer number fractionx1 as inde-
pendent variables, the spinodal line of a possible colloid-
polymer phase separation is determined by the condition

The binodal lines are instead determined by imposing equal
chemical potentials and equal pressure in the coexisting
phases.

Examples of spinodal curves calculated for size ratiosλ )
0.1, 0.2, 0.4, and 0.6 are shown in Figure 11 in the (æp, æc)
plane. As expected the spinodal curve is shifted to higher and
higher volume fractions of the two components as the size ratio
decreases, since no phase separation will occur in the limitλ
f 0. For λ ) 0.2 we have repeated the calculation, using the
polymer equation of state derived from the zero-density limit
of the effective polymer-polymer pair potential evaluated in
the scaling limit.24 This may be regarded as more consistent
since the effective colloid-polymer pair potential has been
calculated under the same (Ff 0, Lf∞) conditions. The
resulting spinodal and binodal curves turn out to be quite close
to those computed by using the density-dependent potentials,
see Figure 12. The general trends predicted for the phase
behavior of colloid-polymer mixtures withλ < 1 are not unlike
those observed in the MC simulations of Bolhuis et al. (ref 11).
In particular, the critical volume fraction of the polymers drops
asλ increases while that of the colloids stays nearly constant.
However, both critical volume fractions are too low, by roughly
a factor of 2 for the polymers and by a factor of 3 for the
colloids. These significant discrepancies may be attributed to
one (or all) of three reasons. First, the effective colloid-polymer
potentials derived in section 2 have been shown to vary
significantly with polymer length, particularly so for smallλ.
The perturbation theory results are based on the scaling limit
of these effective potentials, while the MC data of ref 11 are
for L ) 2000. To estimate this effect, we have repeated the
calculation forλ ) 0.2 using the zero-density potentials (both
for the polymer-polymer free-energy and the polymer-colloid

Zp ≡ âPp

Fp
) 1 + æph(æp); h(æp) ) a(1 + bæp + cæp

2)R

(3.3)

fpol
(0)(Fp) ) x1[lnFp + ∫0

æp
h(s) ds] (3.4)

f(1) ) 2B2Fx1x2 ) 3
2π

A2xx1x2 æp
1/2æc

1/2 (3.5)

f(1) ) Fx1x2∫d3r âV2(r) (3.6)

Figure 11. Binodal (left) and spinodal (right) curves forλ ) 0.1, 0.2,
0.4, and 0.6. They are obtained by using thermodynamic perturbation
theory based on the Mayerf-function. The black circles correspond to
the critical points.

Figure 12. Comparison of the results obtained by using density-
dependent (DD) and zero-density (ZD) polymer-polymer potentials.
We report the binodals (bi) and the spinodals (sp) forλ ) 0.2. The
black circles correspond to the critical points.

S(F, x1) ) ∂
2f

∂V2

∂
2f

∂x1
2

- ( ∂
2f

∂V∂x1
)2

) 0 (3.7)
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perturbative terms) appropriate forL ) 2000 and compared the
results with those obtained using the scaling-limit zero-density
potentials (this check cannot be performed by using the density-
dependent pair potentials, since we do not have expressions for
Zp accurate enough to distinguish the scaling behavior from that
of polymers withL ) 2000). The spinodal curve changes by a
few percent and thus theL dependence cannot explain the large
differences we observe.

The second reason for this disagreement may be the neglect
of higher-order terms in the perturbative expansion (eq 3.1).
Terms beyondf(2) could shift phase coexistence to higher colloid
and polymer packing fractions, but this is unlikely at the smallest
λ values, where the effective polymer-colloid coupling is weak,
so that the perturbative expansion is expected to converge
rapidly. This conjecture is confirmed by the comparison of the
results with those obtained by using traditional perturbation
theory (see the expansion reported in the Appendix correspond-
ing to w(r; λ) ) λV2(r)). As can be seen from Figure 13, the
two perturbative expansions give similar results, and are both
significantly different from those of ref 11. The most likely
reason for the disagreement lies in the fact that we have used
the zero-density limit of the effective colloid-polymer potential
while phase separation is observed in the semidilute polymer
regime (æp J 1) and for finite colloid packing fractions. In the
semidilute regime, the relevant polymer length scale is no longer
Rg but rather the correlation lengthê < Rg, which controls, inter
alia, the work of insertion of a colloid whenλ , 1.23,37 This
suggests that the second virial coefficientB2 of a colloid-
polymer pair is reduced; such a reduction would imply that
higher densities would be required to drive phase separation,
in qualitative agreement with the simulation data.

As λ is further increased, we enter the colloid regime.
Spinodal and binodal curves, calculated from second-order
perturbation theory forλ ) 1, 1.5, and 2 are shown in Figure
14. With increasingλ the critical polymer packing fraction drops
steadily, while the critical colloid packing fraction increases
slowly in qualitative agreement with the simulation data of ref
15. While the predicted criticalæc are in reasonable agreement
with the latter data, perturbative theory predicts criticalæp values
which are typically a factor of 4 too low. Since both the MC

simulations and the perturbation theory are based on the same
effective two-component model, the discrepancies must be
attributed, in the colloid regime, to the neglect of higher-order
termsf(n) (n g 3) in the free-energy expansion. This conjecture
is confirmed by the relative importance of the correctionsf(1)

andf(2): while in the protein limitf(2) is smaller thanf(1) along
the binodal curve, this is no longer true in the colloid regime.
For instance, at the critical pointf(2)/f(1) = 0.4, 1, and 1.3 forλ
) 0.4, 1, and 2. Note also that no phase transition at all is
predicted forλj2 when the free-energy expansion (3.1) is
truncated after first, rather than second order.

Figure 15, where we report the critical values ofæp andæc,
summarizes our findings relative to the available simulation data
of ref 11.

IV. Conclusions

In this paper we have addressed the problem of mixtures of
interacting polymers and spherical colloidal particles over a wide
range of size ratiosλ, covering both theprotein (λ < 1) and
colloid (λ > 1) regimes which had generally been considered
separately so far. Within a general coarse-graining strategy,
which has recently proved very successful in the statistical
description of dilute and semidilute polymeric systems, we have
first determined the effective interaction potentialV2(r) between
the centers of mass of an isolated colloid-polymer pair by
extensive MC simulations ove a wide range of size ratios 0.02
e λ e 10. Simulation carried out for several polymer lengths
250 e L e 64000 allowed the data to be extrapolated to the
scaling limit, using a proper finite-size scaling analysis.24 A
similar analysis was applied to the universal ratio (2.5) involving
the second virial coefficientB2 of a colloid-polymer pair.

The main findings for SAW polymers (â* ) 0) are the
following. The repulsive pair potentialV2(r) is a monotonically
decreasing function of the CM-CM distancer and its amplitude
V2(r ) 0), which is related to the insertion free energy of a
small colloid into a single polymer coil, grows steadily withλ,
and exceedskBT for λ > 0.2. Forλ > 1 the potential develops
a repulsive core reflecting the fact that a polymer coil has a
very low probability of wrapping around a colloidal particle of
radiusRc > Rg. The L dependence of the effective potential,
which is substantial for smallλ, becomes insignificant for
λ J 0.5.

The second virial coefficient, in its dimensionless universal
form A2, goes through a minimum aroundλ J 0.4. Both the
initial decrease and the asymptotic increase at largeλ can be
understood in terms of simple scaling arguments.

We have extended the MC calculations to the case where an
attraction- ε is added between adjacent nonbonded monomers,
to account for solvent quality. The resulting effective colloid-
polymer pair potentialV2(r) turns out to be surprisingly
insensitive to the reduced inverse temperatureâ* ≡ ε/kBT, up

Figure 13. Comparison of results from traditional thermodynamic
perturbation theory (tr) and that based on the Mayerf-function (new).
We report the binodals (bi) and the spinodals (sp) forλ ) 0.1 andλ )
0.2. The black circles correspond to the critical points.

Figure 14. Binodal (left) and spinodal (right) curves forλ ) 1, 1.5,
and 2. They are obtained by using thermodynamic perturbation theory
based on the Mayerf-function. The black circles correspond to the
critical points.

Figure 15. Position of the critical points for several values ofλ: circles
correspond to the results of the present paper, squares correspond to
the Monte Carlo results of ref 11. The number close to each point gives
the value ofλ.
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to theΘ point, except for the lowest size ratiosλ j 0.5. The
effective potentials nearΘ-point conditions are very close to
those derived for ideal (noninteracting) polymer chains. The
reduced second virial coefficientA2 increases withâ* for all
size ratios, and goes through a minimum at roughly the same
value ofλ, irrespective of the value ofâ*.

The zero-density effective pair potentials are the main input
in our investigation of colloid-polymer phase separation over
an extended range of size ratiosλ. The weakness of the colloid-
polymer coupling in the protein limit suggests the use of
standard thermodynamic perturbation theory for the calculation
of the free energy, starting from a decoupled, two-fluid reference
system. However, asλ increases, the effective coupling becomes
stronger and develops a highly repulsive core, which renders
the standard (Zwanzig) version of thermodynamic perturbation
theory inapplicable. We have developed an alternative version,
involving an expansion in powers of the Mayerf-function, rather
than the potential, which applies to any value ofλ, and reduces
to the Zwanzig expansion in the low-coupling (protein) limit.
The second-order version of this modified perturbation theory
was used to predict phase diagrams of colloid-polymer mixtures
for 0.1 e λ e 2. Contrarily to most earlier work, our unified
approach applies to both protein and colloid regimes. While
the critical polymer concentration is found to drop monotonically
asλ increases, the theory predicts an interesting nonmonotonic
variation of the critical colloid concentration, which seems to
be correlated with the minimum of the reduced second virial
coefficientA2(λ) which controls the first-order contributionf(1)

to the free energy. Although the theoretical predictions are in
qualitative agreement with recent MC data in the protein range11

and in the colloid range,15 there are substantial quantitative
differences; in particular, the perturbation theory systematically
underestimates the colloid packing fractions at coexistence.

The reasons for these discrepancies are, however, different
in the two regimes. In the protein regime, the coexistence
densities of the polymers are high (æp > 1), corresponding to
the semidilute regime, where the use of zero-density effective
colloid-polymer potentials is not justified, due to significant
polymer overlap. This difficulty can, in principle, be overcome,
by using a multiblob (rather than a single blob) representation
of the polymer coils, with blob size comparable to the colloid
size, along the lines of the ideas in ref 19. A simple scaling
argument shows that the overlap density of blobs isn3ν-1 times
higher thanF* ) 3/(4πRg

3) (wheren ) L/l is the number of
blobs of lengthl in a polymer of lengthL), so that the coarse-
grained system of blobs remains in the dilute (no overlap) regime
up to significantly higher polymer concentrations, justifying the
use of zero-density effective blob-blob and blob-colloid
interactions. Work along these lines is in progress.

On the other hand, in the colloid regime (λ J 1), the
disagreement between theory and simulation is likely to be due
to another reason, since the polymer density in the coexisting
phases is well belowF* so that the use of zero-density effective
pair potentials is justified. The discrepancy between theory and
simulation of the same coarse-grained model must be traced
back to the slow convergence of the perturbation theory in the
strong-coupling limit, as illustrated by the relative values of the
free-energy contributionsf(1) and f(2). Calculation of the third-
order termf(3) is feasible but tedious, and is left for future work.
In the colloid limit a better reference system might a mixture
of hard spheres (colloids) and point particles (polymers)
excluded from the spheres. In this case the soft polymer-
polymer interaction and the soft tail of the colloid-polymer
interaction would be treated as perturbations, along lines similar

to those laid out in the Appendix.
It is finally worth noting that attempts to replace the

perturbation expansion by fluid integral equations, like HNC,38

for the calculation of the thermodynamics of the two-component
colloid-polymer system fail to predict phase separation at any
value of λ. It appears that standard integral equations cannot
cope with mixtures of hard (colloids) and soft (polymers)
particles. It is likely that hybrid integral equations, like those
of Rogers and Young (ref 43) would yield more satisfactory
results.

The present investigation was restricted togas-liquid
coexistence, but could well be extended to include also
crystallization of colloid-polymer mixtures in order to map out
the full phase diagram.

Appendix A: Thermodynamic Perturbation Theory for a
Weakly Coupled Binary Mixture

Consider a binary mixture ofNR particles of speciesR (R )
A, B); N ) NA + NB andFR ) NR/V is the number density of
speciesR. The configuration integral reads:

where VRγ denotes the total potential energy of interaction
between particles of speciesR and γ. If the two species are
decoupled,VAB ≡ 0, then

whereZ(A) andZ(B) are the configurational integrals for systems
A andB, and the superscript (0) denotes the reference system.
The excess free energy of the reference system is

Now, turn on the coupling between the two species adiabatically
by considering intermediate systems in which the two species
interact through an interpolating potentialWAB(λ), 0 e λ e 1,
such thatWAB(1) ) VAB and WAB(0) ) 0. The corresponding
configurational integral becomes

The corresponding excess free energy isF(λ) ) - kBT ln Z(λ).
We then adopt the standard procedure of thermodynamic
perturbation theory38 to derive the exact expression:

where 〈‚〉λ denotes a statistical average over an ensemble of
systems characterized by couplingλ [cf. eq A4]. A Taylor
expansion of〈âW′AB〉λ in powers ofλ leads to the series:

Z(NA, NB, V,â) )
1

VNA+NB
∫ ∏

i∈A,j∈B

d3r i d3sj exp[-â(VAA + VBB + VAB)] (A1)

Z(NA, NB, V,â) ) Z(0)(NA, NB, V,â) ≡
Z(A)(NA, V,â)Z(B)(NB, V,â) (A2)

F(0) ) - kBT ln Z(0) ) FA(NA, V,â) + FB(NB, V,â) (A3)

Z(λ) )
1

VNA+NB
∫ ∏

i∈A,j∈B

d3r i d
3sjexp[-â(VAA +

VBB + WAB(λ))] (A4)

âF ) âF(λ ) 1) ) âF(0) + ∫0

1
dλ〈â

dWAB

dλ 〉
λ

(A5)

âF ) âF(0) + â〈W′AB〉0 + â
2

〈W′′AB〉0 +

â2

2
(〈(W′AB)

2〉0 - 〈W′AB〉0
2) + ‚‚‚ (A6)
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Now assume thatWAB(λ) is pairwise additive so that

andwAB(r;λ) ≈ λwAB,0(r) + λ2wAB,1(r)/2 + O(λ3). It follows

sinceA andB particles are uncorrelated in the reference system;
in eq A8, F ) FA + FB, while xR ) FR/F ) NR/N. Therefore

Analogously we obtain

The second-order term in the series (A6) involves also the square
of (A8) subtracted from

In this quadruple sum, we distinguish four cases: (i)i ) k, j )
l; (ii) i ) k, j * l; (iii) i * k, j ) l; (iv) i * k, j * l. Case i gives
immediately

Case ii yields

where wAB,0(k) and ĥBB
(0)(k) are the Fourier transforms of the

potentialwAB,0(r) and of the pair correlation functionhBB
(0)(r)

) gBB
(0)(r) - 1 between particles of speciesB in the reference

system and we have used the convolution theorem. Contribution
iii is simply obtained from ii by exchangingA andB:

Finally, contribution iv becomes

Gathering results, the second-order term in eq A6 may be cast
in the form

In the case under consideration in this paper, theA andB species
are the colloids and the polymers. We consider two different
interpolating potentials. A first possibility isWAB(λ) ) λVAB,
which corresponds to the traditional Zwanzig perturbation
theory.38 In this casewAB,0(r) ) âVAB(r) andwAB,1 ) 0. Zwanzig
theory is inapplicable whenVAB(r) contains a hard-core repul-
sion, as is the case for colloid-polymer mixtures withλ J 1.
A second possibility is to interpolate between zero and fullA-B
interaction following the path (0e λ e 1):

wherefAB(|r i - sj|) ) exp[-âVAB(|r i - sj|) - 1 is the Mayer
function, which is finite whatever the strength of the repulsion.
Taking logarithms of both sides of eq A17, we find in this case
wAB,0(r) ) - fAB(r) andwAB,1(r) ) fAB(r)2. Substitution into eqs
A9 and A16 leads to the free-energy expansion used in the
calculations presented in this paper.

Note that the two expansions coincide in the limitVAB f 0,
up to terms of orderVAB

3, since in this casefAB(r) = -VAB(r).
Thus, in the calculations presented in this paper the difference
in the results obtained at the same densities by using the two
different expansions should decrease asλ f 0, since in this
limit VAB f 0.
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ŵAB,0(k)2ĥAA
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(0)(k)ĥBB
(0)(k) +
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